We investigate the following fourth-order four-point nonhomogeneous Sturm-Liouville boundary value problem:
Introduction
Boundary value problems BVPs for short consisting of fourth-order differential equation and four-point homogeneous boundary conditions have received much attention due to their striking applications. For example, Chen et al. 1 studied the fourth-order nonlinear differential equation 
where λ and μ are nonnegative parameters. They derived some conditions for the above BVP to have a unique solution and then studied the dependence of this solution on the parameters λ and μ. Sun 11 discussed the existence and nonexistence of positive solutions to a class of third-order three-point nonhomogeneous BVP. The authors in 12 studied the multiplicity of positive solutions for some fourth-order two-point nonhomogeneous BVP by using a fixed point theorem of cone expansion/compression type. For more recent results on higher-order BVPs with nonhomogeneous boundary conditions, one can see [13] [14] [15] [16] . Inspired greatly by the above-mentioned excellent works, in this paper we are concerned with the following Sturm-Liouville BVP consisting of the fourth-order differential equation:
and the four-point nonhomogeneous boundary conditions A3 there exists 0 ≤ θ < 1 such that
we prove the uniqueness of positive solution for the BVP 1.5 -1.7 and study the dependence of this solution on the parameters λ i i 1, 2, 3, 4 .
Preliminary Lemmas
First, we recall some fundamental definitions.
Definition 2.1. Let X be a Banach space with norm · . Then 1 a nonempty closed convex set P ⊆ X is said to be a cone if mP ⊆ P for all m ≥ 0 and P ∩ −P {0}, where 0 is the zero element of X;
3 a cone P is said to be normal if there exists
4 a cone P is said to be solid if the interior
Definition 2.2. Let P be a solid cone in a real Banach space X, T :
Next, we state a fixed point theorem, which is our main tool.
Lemma 2.3 see 17 .
Assume that P is a normal solid cone in a real Banach space X, 0 ≤ θ < 1, and T :
P is a θ-concave increasing operator. Then T has a unique fixed point in
The following two lemmas are crucial to our main results.
Lemma 2.4.
Assume that ρ 1 and ρ 2 are defined as in (A1) and ρ 1 ρ 2 / 0. Then for any h ∈ C 0, 1 , the BVP consisting of the equation
and the boundary conditions 1.6 and 1.7 has a unique solution
where
2.4
Proof. Let u t v t , t ∈ 0, 1 .
2.5
Then v t h t , t ∈ 0, 1 .
2.6
By 2.5 and 1.6 , we know that
On the other hand, in view of 2.5 and 1.7 , we have
So, it follows from 2.6 and 2.8 that 
Main Result
For convenience, we denote λ λ 1 , λ 2 , λ 3 , λ 4 and μ μ 1 , μ 2 , μ 3 , μ 4 . In the remainder of this paper, the following notations will be used: Let X C 0, 1 . Then X, · is a Banach space, where · is defined as usual by the sup norm.
Our main result is the following theorem. 
P2 u λ t is strictly increasing in λ, that is,
Proof. Let P {u ∈ X | u t ≥ 0, t ∈ 0, 1 }. Then P is a normal solid cone in X with
• P {u ∈ X | u t > 0, t ∈ 0, 1 }. For any λ > 0, if we define an operator T λ :
• P → X as follows:
then it is not difficult to verify that u is a positive solution of the BVP 1.5 -1.7 if and only if u is a fixed point of T λ . Now, we will prove that T λ has a unique fixed point by using Lemma 2.3.
First, in view of Lemma 2.5, we know that T λ :
Next, we claim that T λ :
• P →
• P is a θ-concave operator.
In fact, for any k ∈ 0, 1 and u ∈
• P, it follows from 3.3 and A3 that
which shows that T λ is θ-concave.
Finally, we assert that T λ :
• P is an increasing operator.
Suppose that u, v ∈
• P and u ≤ v. By 3.3 and A2 , we have
which indicates that T λ is increasing.
Therefore, it follows from Lemma 2.3 that T λ has a unique fixed point u λ ∈
• P, which is the unique positive solution of the BVP 1.5 -1.7 . The first part of the theorem is proved.
In the rest of the proof, we will prove that such a positive solution u λ t satisfies properties P1 , P2 , and P3 .
First,
which together with φ i t > 0 i 1, 2, 3, 4 for t ∈ 0, 1 implies P1 .
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Next, we show P2 . Assume that λ > μ > 0. Let
Then u λ t ≥ χu μ t for t ∈ 0, 1 . We assert that χ ≥ 1. Suppose on the contrary that 0 < χ < 1.
Since T λ is a θ-concave increasing operator and for given u ∈
• P , T λ u is strictly increasing in λ, we have
which contradicts the definition of χ. Thus, we get u λ t ≥ u μ t for t ∈ 0, 1 . And so,
which indicates that u λ t is strictly increasing in λ. Finally, we prove P3 . For any given μ > 0, we first suppose that λ → μ with μ/2 < λ < μ. From P2 , we know that u λ t < u μ t , t ∈ 0, 1 .
3.10
Let σ sup σ > 0 : u λ t ≥ σu μ t , t ∈ 0, 1 .
3.11
Then 0 < σ < 1 and u λ t ≥ σu μ t for t ∈ 0, 1 . If we define 
3.15
Therefore, u λ t ≥ σu μ t ≥ ω λ 1/ 1−θ u μ t , t ∈ 0, 1 .
3.16
In view of 3.10 and 3.16 , we obtain that
which together with the fact that ω λ → 1 as λ → μ shows that u λ − u μ −→ 0 as λ −→ μ with λ < μ.
3.18
Similarly, we can also prove that u λ − u μ −→ 0 as λ −→ μ with λ > μ.
3.19
Hence, P3 holds.
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